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1.

Introduction

e Connection dynamics of GR

The Hamiltonian:
Hyot = G(A) + V(N) + H(N),

with the constraints algebra

{G(A), ()} = G([A, A)),
{G(), VM) = —G(LgA),
{G(A), H(N)} = 0
{V(V), V(N)} = V(IN, N,
V(N), H(M)} = ~H(LyM) o
(), TN} = V(AN — MM
ﬁiaﬁbi

—g(<NabM - M@bN)Aam)

[P*d,N, P9, M] )
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Characters of the above Poisson algebra:

* The algebra generated by the Gaussian constréiit$ forms not only a subalgebra but
also a 2-side ideal in the full constraint algebra.

—

* The subalgebra generated by the Y(N) can

* Itis pabecause the Poisson bracket between the two scalar (Hamiltonian
constraintsH(/N) and H (M) has structure function depending on dynamical variables
even modulo the Gauss constraint.

The last two characters cause much trouble in solving the constraints in loop quantum gravit



e Hamiltonian constraint operator in LQG

Although the kinematical Hilbert spaéeéx;, := L*(A, du7) and the diffeomorphism in-
variant Hilbert spac@{ ;s have been constructed rigorousfyshtekar el, IMP 36(1995),
6454, the quantum dynamics is still an open issue. Given any cylindrical function
Y. € Hgin and certain state-dependent triangulatiofs), the

’H’(N) acts on a diffeomorphism invariant stalte); sy € Hpiss as

(H/(N) ¥ pigf)[tba] = lim Upig s (HE(N o),

A

where the H7(N) is densely defined it ;, as

H(N)po = (Hg(N) =20 + )T (N)a = ) N,

veV (a)

here the action of on, &;;(A) with 2-representation to the vertexA) of
a [Thiemann, CQG 15(1998), 8B9



Is there any quantum anomaly
Good evidence

* The action of thelual commutator of two Hamiltonian constraint operatums
Upirr € Hpigy

A

([H(N), H(M))) U pigs = 0

* The dual commutator between the Hamiltonian constraint operator and finite diffeomc
phism transformation operator

([F(N), U, U piss = H ("N — N)Up;py
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Severalunsettledoroblems:

* It is unclear whether the commutator between two Hamiltonian constraint operators re
sembles the classical Poisson bracket between two Hamiltonian constraints. Hence it
doubtful

with correct classical limit.

* The . The inner prod-
uct structure of{p; s cannot be employed in the construction of physical inner product.

* Classically the collection of DIS0 one
cannot employ group averaging strategy in solving the Hamiltonian constraint quantun
mechanically.

Where is the way o@t



e Master constraint program

Idea: If one could construct am ogiving the same
constraint phase space, whichisa and where the subalgebraf

,athen the programme of solving constraints would be much
improved at a basic level.

Introduce the [Thiemann, gr-qc/0305080

1 C(z)]?
M := = d3£l’,' ‘ ([U)| 7
2 ) /| detg(z)]
whereC'(z) is the scalar constraint. One then gets the master constraint algebra as a L
algebra:

{V(V), V(N)} = V(IN,N),
{V(N), M} =0,
{Mv M} = 0,

where the subalgebra of diffeomorphism constraints forms an ideal.

So it is possible to define a corresponding master constraint operatdopon.



2. A Self-adjoint Master Constraint Operator

2.1. Define the master constraint operatorM
e Regularization

The regularized version of the master constraint

C()
d3 / d333 [z — ( ) :
/ el Ve A/ Ve
wherey.(x — y) is any 1-parameter family of functions such that,. .o x.(z — y)/€
d(z —y) andy.(0) = 1.
Introducing a
on any cylindrical functiory,, € Hg;, via a

, we have an operatdi, acting
die) on X

S fo = XC Z B2 fa (1)

veV (a (

wherey(v) is the characteristic function of the céll



The expression d§S2 reads

16,A 16 1] A A 171 A ’
NS SR FTr(A(ai;(A)) A(er(A)) T A(er(A)): A/ Vir)
o) 3@.2;573 e Tr(A(ei(A)) 7 [A(ei(A)), K

Alej(A)) ' [Ale;(A)), K A(er(A)) HA(er(A)), 1/ Vi),

v

which is similar to the previous regulated Hamiltonian constraint operator. The only differ-
ence is that now the IS replaced by its

Thus, for eache > 0, ﬁg IS a Yang-Mills gauge invariant and diffeomor-
phism covariant operaton



e Definition
Define a {VI, in Hp, s as

M lim Z H CTHLE (2)

P—>Z,e,e —0
where 75" and < are well defined by

(HeE W) [ fo) := W[HEf),
(HSW)[fo] == WA fa],

for any cylindrical functionf, € C'yl, and anyb € C'yl*, hereC'yl* is the algebraic dual
of the set of cylindrical function€'yl.

Since the actions of on anyf, only with %-representations to
the graphy, one hasimp_., > cp %Hgﬁé*fa e Cyl, and hence given any
Vpirr € Hpifs, the value of

(M¥piss)lfe] = lim ‘I’Diff[cze; SHGHE o] (3)



For any diffeomorphism transformatian

- _ 1 . o tn
(UeMWpigp)lfe] = ) lim Vpigsl) §HCHCTU<Pfa]
Y CeP

. A 1 o € ) 6/
= .l Vol X 5ol
” CeP

. 1 re T e
= o 2 §HCHCTfO‘}'
Y CeP

Hence

(UM pigp)[fal = (M pipg)[fal-

In conclusionM is



2.2. Self-adjointness ofM

Given two diffeomorphism invariant cylindrical function$f;) andr(g,) associated with the
cylindrical functionsfz andg,, the Is calculated as

where

< n(f3)IM[n(ga) >piss
= (Mn(ga))[fs]

= dim S (g (AR 5o

P—o;ee—0

CepP

| 11 —
= lim —— Z Z < U¢U¢/ga\H5HCTfﬂ > Kin

P—o;e,e—0 2n
CeP =~ Y peDiff/Dif f. ¢'€GS,

= lim Z

P—o;ee!—0

CeP
11 — - —
N Z Z < U(pUgo’ga’HE'HS > Kin< HE'HS‘]CH > Kin
s “ weDiff/Dif fo ¢'€GSa
is the , of colored graph symmetries of
denotes the : is the

II,, and the



, Where s| denotes the
associated withs. Since the sum ovefs] in the expression is finite, we can
, then :

< n(f3)IM[n(ga) >pis
1 . -
— Z Z 567161/1:10< 77(9a)|77(H5H8) >Diff Z < Hf) Hs|fﬁ > Kin

[s] veV(y s€|[s]

= > Z 3 lim < (g (L) > pig < (T n(Fs) > gy
[s]))

_ §<ﬁ;n<ga>>msqsﬂ<ﬁ;n<fﬂ>msdsﬂ,

[s] veV(y(s€ls]))

where in we use the fact that; which are
transformation, transforming the graph
associated with that of with ¢(v) = ¢/, hence
for differents € [s]. In ;jwe use the fact
that the , Wherea(v) is the loop with scale’ added at
the vertexv by the operatonflg’, ofloops with

different scale; however, there is
since the grapl¥ is fixed.



So,

Note that the result of
defined by Thiemanngf-gc/030508pD on (a dense form domain of)

HD@'ff.
Hence, being the quadratic form associated th > The closure ofQ)m
IS the quadratic form of & M, called the of M.

We relabelM to beM for simplicity.

In conclusion, there exists positive and self-adjoint operatorM on Hpirs correspond-
ing to the master constraint.



3. Discussion and Outlook

e Discussion

= Can one use the (DID) of Hpiys to
obtainH p,s?

. sinceM is self-adjoint, and there is a separable subspadémf; which is left
invariant byM and captures the full physics of LQGtiemann, gr-qc/051001.10th-
erwise one may consider a separahlg; ;s introduced by suitable extension of diffeo-
morphism transformation$-firbairn and Rovelli, IMP 45(2004), 2802

* Can one with the induced physical inner product | >y ?

, since zero is in the spectrum Bf [Thiemann, gr-qc/051001.1

* How about the issue af 2
It is expected to be represented in terms of ¢he and the

* Has the master constraint program beemn ?

, In various exampledittrich and Thiemann: gr-qc/0411138, gr-qc/0411139, gr-
qc/0411140, gr-qc/0411141



*x Trouble and the way out:

The IS SO that it is difficult to obtain the DID representation
of Hpiys directly.

Fortunately, the subalgebra generated by master constraints is an Abelian Lie algebra
the master constraint algebra. So one can empioy strategy to solve the
master constraint.

SinceM is self-adjoint, by Stone’s theorem there exisisra

¥y

A A

U(t) := explitM],

on'Hpirs. Then, given any diffeomorphism invariant cylindrical functions
Upirr € Cylp, ¢, ONE can obtain algebraic distributionsidh, r by a Mt
from Cyl}, 1 10 Cylpnys,

dt -
Mphys (Y piff)[Poifs] = /R o < U)¥piss|®piss >Difs.

which are invariant under the action Bft) and constitute a subset of the algebraic dual
of Cylh, ;-



e Ongoing work

* Calculate the physical inner product
It is defined formally as

< Nphys (Y Dis 1) |Mphys(PDiss) >physi= Nphys(¥Diss)[PDiyy]
dt N
::/q§‘<lwﬂmbﬁﬂ@Dﬁf>Dﬁf-
R T
Calculate the integrand

< U(t)\IfDq;ff\(I)Dz‘ff >Diff
— < \IjDiff| exp<—itM)’(I)Diff > Dif f

) M
= ]&E{l)o < ‘I’Dz’ffHeXP(—ZtN)]N@Diff >Diff
. M
- ]3220 Z < \I}Diff‘exp[—@tﬁ]m[sl] >piff X
[s1]...[sn—1]
M

A

M
Lo < H[3N72]| eXp[—ZtN”H[SNl] >Diff X

A

|Ppirs >Digy -

.M
< sy _y exp[—ztﬁ]



One may consider the strategy of a possiijie

A

.M
< H[S]‘ eXp[—ZtN”H[s’] > Diff

A

M 1
— = H[s]\l — zt—|H[3/] > Diff ‘f'O(m)
it 1
= Ofs)[s] — N < Ty IM [T > piy 032
1
= Ol — NQM (s, ) + O(3).

* Semiclassical analysis

Since the Hilbert spaces x;,,, Hpisr, and the operatavl are constructed in such ways
that are drastically different from usual quantum field theory, one has to chieck

To do the semiclassical analysis, we still need diffeomorphism invariant semiclassica
states it p;r¢. The research in this aspect is now in progress (There are positive result
in simple modelsThiemann d).



Quantum Gravity at BNU

e Gravity Group in Beijing Normal Univ, Beijing, CHINA

* The biggest theoretical relativity group in China: 8 professors (3 retired), around 2C
graduate or doctoral students.
* Research Area: Black hole thermodynamics, Classical GR, Cosmology, High dimen

sional gravity,Loop quantum gravity
e LQG in Beijing Normal Univ
* Professors: Weiming Huang (Algebraic geometry, Quantum gravity), Yongge Ma
(LQG, High dimensional gravity), Thomas Thiemann (Visiting professor).
* Graduate students: You Ding, Li Qin, Li-e Qiang, Peng Xu, Jinsong Yang, Hua Zhang

* Review article: M. Han, W. Huang, and Y. Maundamental structure of loop quantum
gravity, gr-qc/0509064. (Welcome comments and suggestions!)

e \Welcome your communication and cooperation!
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