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[ Schroedinger representation ]

Physical system : point particle on the real line R

Vcomplex number ( we introduce an operator W ((), and consider
the vector space W generated by them. ((dimensionless)

We introduce a product and an involution” x” on W :

W (C) W (Co) = e O W ¢y + ) (W) = W(—)

This is the Weyl-Heisenberg x —algebra.

In physics one introduce the length ”d” and the splits operators W (()
by setting: W(C) = e U\ V(n), ¢=Ad+ z(ﬁ)

d
Thus, UA) = W(Ad) and V(p) = W(iy/d)

[ The operators U (\) and V (u) satisfy ]
(U] =U(=2), [V = V(=)
UA)UA2) = UAr +X2), V(ps)V(pe) = V(ps + pz)
UV (p)=e ™ V() UN)

[ The Schroedinger representation ]

The Stone - Von Neumann theorem : every irreducible

representation of W which 1s weakly continuous in the

parameter ( 1s unitarily equivalent to the standard
Schrodinger representation, where the Hilbert space is the

space L*(R, z) (z dimensionless).
W (() are represented via :

W(QO(z) = e e 2y(x+p), (=a+if, (a=Ad, §=pu/d)
This s an irreducible representation of W.
The /W\’(C) are all unitary (i.e., satisfy [/V[\/']T = [/W]_I)
The /W(C) are weakly continuous in ( (i.e., all matriz

elements of W(({) are continuous in ().

J/

In physics terms, the Hilbert space Hg., is L*(R, dx) (z = zd), and
UWy(z) = e y(x), V(p(z)=y(x+p), ¥ ()€ Heen
U()\) and V (u) are weakly continuous in A and pu, then exist

self-adjoint operators x and p such that: /ﬁ()\) = e? /17(“) = eth/hp




Polymer representation

This rep. is unitarily inequivalent to the Schroedinger rep.
Stone - Von Neumann theorem violation :

the operator V (i) = P not weakly continuous in f.

e We introduce a graph ~ : it consists of a countable set {x;}, x; € R

Properties of the x; points :
1) don’t contain sequences with accumulation points in R,

1) 3 constants L, p, sach that the number n(I) of points
in any interval I of lenght I(I) > L, is bounded by n(I) < p,I(I).

e We denote by Cyl, the vector space of complex functions f(k) :

fk)y=> fie™* kecR, xzcR, ficC

flk) : cylincjlrica,l function with respect to the graph ~.

e Now we consider all possible graphs and denote by Cyl the infinite
dimensional vector space of function on R which are cylindrical

with respect to some graph :
p grap Cyl .= U Cyl,
v

—imik

Basis in Cyl : e

uncountable basis labeled by arbitrary real numbers x;.

—i:cik|e—i:cjk> _

Hermitian inner product on Cyl: (e = Oz x;

The Hilbert space Hp,y, is the Cauchy completion of Cyl.

Weyl - Heisenberg algebra representation on Hp,y, :

W () f(k) =[e2 U\ V()] £(k)
UNFf(k)=Ffk—X), V(u)f(k)=-e"r*f(k)




Representation of W in terms of eigenkets of U (M)

We associate a ket |x;) to the basis elements e "*

The action of U()\) and V(1) on the basis |x;) is :

UN)|a) = e |z5) , V(p)lzg) = |z — p)

Iy Lo .

.. L
v = {zx}

k — A , hjk)=e™* — hsze_fwA

Operator analogy

A A A

Holonomies: V(u) — h,|A] , Fluxes: & — E[S]

&, V()] = —p V(1)




[ The Schwarzschild solution inside the horizon

dT? M
ds® = — =8 MGy _ 1 |dr? + T?(sin® 0d¢® + d6?)
(Q%GN . 1> T

T €]0,2MGN|[ , r €] —o0,+00[

We can eliminate the coefficient of dT? :

M
ds? = —dr? 4 | ZMCON _ () gr2 | ()2 (sin? 0do? + d6?)
T(7)
T
7=—/T(2MGpN — T) + 2M Gy arctan ( m)
=

This is the Kantowski-Sachs space-time (R x R x §%) :

[ ds® = —N?(t)dt®? + a®(t)dr® + b*(t)(sin® 0do* + db?) ]

[ The classical theory ]

The Hamaltonian constraint :

Hy=l|a|b®+2abbsgn(a)+|al

[ A simplification of the problem ]

2MGy , R b? 2MGy
For a®(t) = ~——~ — 1, we obtain H, = — — —1]
b(t G b b
(t) N | /2MEx _ 4
N 3 larity limat 1 b 1
ear sitnmguiari ma — ~
grarty 2MGy

H— GNp2 R \/QMGN (1 - b )é H— GNp2 _ R \/QMGN
B NG 2MGy ~\ 2R 2 Gy Vb

Volume operator :

V = 4nR\/2MGN b%/? [ 1 — 2MbG — V ~ 4nR\/2MGy b°/? =1, b%/?
N




[ Phase space and symplectic structure ]

[ The canonical pair is (b = x,p), with Poisson bracket {x,p} =1 ]

4 3\

We are motivated by loop quantum gravity to use the fundamental variables :

(a:, U,(p) = egﬂczmip>

v is a real parameter and L fixzes the unit of length, v = lp/Lppys

| J

A straightforward calculation gives :

{z,U,(p)} = SWGN%UV(I’%

3n 3 3n
UV U} =1 U el %, U} = i 87 Gy I 1~ sgn(a) 2| ¥
2Li 1
Forn—1/3, 29U®)__ L UV, Uy

V] (87 G )iy

Quantum theory

Hilbert space : Ls(Rpon,, dig)
e Ry, is the Bohr-compactification of R

e diy is the Haar measure on Rgop,

Operators : (&, U,)

U7 1s the analog of the classical operator U, = IR

U is not weakly continuous in y

Basis states in the Hilbert space :

A) = [e2E), (ulA) = 8

Action of & and U, on |p) :
T|p) = Lp|p)

[A]“Y‘:u> - |:u_7>a [JA'U ﬁv} = _fVL(AJ’y I VB

\. J




Volume operator and disappearance of singularity

The action of the volume operator on the basis states is :

V) = lole|2|p) = lo| Lyl |1)

—

1
The operator — and its spectrum :

2]
1 1 LTl o~ 7\2 1 2 1 1\?
o= g (T [V = (e e ) )
To2niziy w T

Spectrum of the curvature invariant operator :
— 48M2G 384M*G% 112
Ry 007 1) = 2= ) = === (JulE = o= 21%) ™ 1)

P

[ The spectrum is singularity free for any eigenvalue y ]

Hamaltontan Constraint

) , , 2 L? . (2-U,-U;"! )
Using the classical expression p~ = lim 3 we can write :
Y
A A 1 A

(87GN)?
e A [ (2~ A2) 1] sgn(e) (U1 [VE,U])
0

| J

N—0

<>

The solutions of the hamiltonian constraint are in the C* space that is
the dual of the dense subspace C of the kinematical space H.
A generic element of this space is (| = Z¢
The constraint equation H |}y = 0 is now interpreted as an equation n
the dual space <1M1EI f. from this equation we obtain the
DISCRETE DIFFERENCE EQUATION :

[ Vit 0+ 7)+ Vil =) 0= ) = (2 =€) Vi) i) = 0|

Vi(u) = ~[lp =~"% = |ul'?| for n# 0 and Vi(u) = W|'/* for p=0

JANe] 87 R*~+*?
il 4, =00 o at? o =4,
T (87Gn)’ /248 Ri}/7h 3




[ The Kantowski-Sachs Space-Time

r

[ Classical theory ] ds? = —dt? + a®(t)dr? + b2 (t)(sin® 6d¢? + d6?)

7

Hamiltonian constraint and volume of the space section :

g _ Gnlalps  Gnpepysgn(a) R al
¢ 2R b* Rb 2Gy

V= / dr d¢ doh'? = jnR|a|b?

~

Canonical pairs : (a = x,,p,) and (b = xp, pp)

Poisson brackets : {x,,pat =1 , {xp,pp} =1

a

As in Loop Quantum Gravity we use the fundamental variables :

8TGNYa . 8tG .
<ma, U,(p) = emp(%%m)) : (azb, U,(p) = ewp<L—;szpb)>

We have also that :

1 1
{#a, Usa(pa)} = 87Gn 75 Una(pa) Lo, Uy (p)} = 817G L " Uy (pr)

a

- 7. 871G
U (V™ Us} = (4 Rlas|*)™ m |za| ™ e =57 sgn(a)

a

_ _4. 871G
U V™, Us} = (4rRlzal)" 20| =7 sgn(a)

From those relations we construct the following quantities :

xp|2/3 3iL? o,
| b|2/3 =" v Uwal{v"’v U,,} sgn(z.)
|al (47R)7 8T GNYa
g 1/4 22Lb _ 1
| |1/2 - I U, {Vi, U,} sgn(x)
|$b| (47TR)4 87TGN’7b
1Ly, s 1

La| = — 7 U. Vz,U,}sgn(z

| a| (47TR)§ 87TGN’}/I; Yb { Wb} g ( b)
]2 3iLy

=— . U’ Vé,U sgn(x
|$b|1/3 2(47TR)§ 87TGN’Yb Yb { ’Yb} g ( b)




Quantum Theory

Hilbert space : Ly(R%,,,., djg)

Basis states in the complete Hilbert space :
Aa) @ [Ap) = €% @ [/ ) (g Xa) = Guna 5 (0] A6) = Gy,
Zaltta) = Hallta) » Zolps) = Lops|ps)
The quantum theory is defined by :

(ma7 fj’m) ’ (mb) U’yb)
U, |ta) = ltta — Va) 5 Uhylte) = 1o — )
|:fi:(1u7 U’Yai| = Ya f]’ya ) [iba lA]’ybi| =~ Lb U’yb
Ly = V87l

[ The Volume Inverse Operator and Singularity Resolution

Vi v) = 4R |l 221, v) = 4o REZ [l |v|2 |, v)

The spectrum of 1//\V (for v = =1)is : .

Lengtn
— — —

— 3 2 3 2
T (el ) (1l 2l
det(E) £ |Zal? |2 |
Yo Ya Yo

1 26 315 L 1 1 1 A 2
WWW = T|M|5|V|6[|V—1|2 — 2] ||p— 115 — |pl3|? [lv — 1|5 — |v]7]°

The operator 1/|xp| — Rpe R"P7 ~

The spectrum :

1 2 30 1 1
o) = T el® [l = 1%

|, v)

0.25

3 4 3
wl? [y =105 = ] |l = 205 - i

From the Schwarzschild solution the singular point is in x, = 0 T, = 0o o

0.15
—_

2 393
L

0.1

3
1, v)

L AL [PRNPTs SV IR (FRSTE W
|xp|




Hamziltonian Constraint

Classical Hamiltonian constraint

H. — Gn pf |wa| B GnN Pa Db Sgn(wb) sgn(ma) R

2Rz R 2| 2Gy 1%

Quantum Hamiltonian constraint
2 1 - S aAo—1 [ a1 s 4
H= [2— U, — U—ﬂ (Ub [VZ, ,,D
327? GNR‘?vag ¢ “

6 o+ Uy — U, U, — 1
3 [<Ua+ b — Ua Uy >+h_c_].

+
21175 R4 LA Gnang

[ Solutions of the Hamiltonian constraint ]

The solutions of the Hamiltonian constraint are in the C* space;

this is the dual of the dense subspace C of the kinematical space H.
A generic element of this space is (Y| = Z¢(u, v){u,v|,

. v
and the action of H on this state is (Y|H'.

From this equation we can derive a relation for the coefficients 1(u,v) :

[2a(u,v) = 28(u,v) +v(p, )] (1, v) = [e(p + va, v) — Bk + Ya, V)] (1 + Ya, V)
=l = va,v) + Bk = Ya, V)] V(1 = Ya, V) + B(ps v+ 70) Y1, v + 7p)

=B, v =) (1, v = v8) + B+ Ve, v + 7)) V(1 + Yo, v + )

=Bk = Ya,v =) V(1 = Ya, v — ) = 0

This is the DISCRETE DIFFERENCE EQUATION for
the KANTOWSKI - SACHS space-time




Classical Gravitational Collapse

Space-time inside the Horizon

Outside the matter :
ds® = —N(t)dt? + a®(t)dr? + b*(t)(sin® Ad¢? + db?)
Inside the matter :

ds® = —N(t)dt® + a®(t)[dx”® + sin® x(sin® 0d¢* + d6?)].
Volume operators inside and outside the matter :

X0 27 T
Vin :/ dx/ d¢/ dohl/? = 27(xo — sin(xo) cos(xo)) |a|® = V(xo) |a|?
0 0 0

R 2m T
Voutz/ dr/ d¢/ dohll} = 4nR|a|b?
0 0 0

The Hamiltonian constraints are :

_ Gnla|pf Gnpaps sgn(a) R

Hyyt = SRbE Rb - 2GN|&| ., outside matter
2
167G
H;, = _(827(;’ + 2|a|) + #H(ﬁ(a) , inside matter

[ Inside the Matter ]

Gravity Sector

Fundamental variables : (zq, U,,) , U, (pa) = e:cp(zga pa)

a
. 8T GNYa n
N sgn(z.) V" (xo0)

{#a, Uy, } =1 L,

247G
i 4TGNYa n|$a‘3n_1

Uvu ’ UWII{VZ-% U’ya}: L.

sgn(c,) 2L,
Vil 87 GnYa V% (x0)

Matter sector : DUST MATTER

U, Vi Uy}

H; = ps , Canonical pair : (¢,ps) , {¢,ps} =1

) G

Fundamental variables : (¢, U,,) , U, (ps) = ea:p(z%(;& p¢)
¢

Yo 87TGN

{QB¢, U,yd)}:i qu

U,

b




Quantu theory inside the matter

Hilbert space inside the matter Ly(R%,,,., diig)
|)\a> Q |>\¢> = |ei)\a :I:a/La> ® |ei)\¢33¢/L¢> , <,ua|)\a> = 6Ma,/\a , <N¢|)‘¢> — 5#457)\45
The quantum theory is defined by :
(ﬁ:m U%) ) <§3¢7 Uw)

U,ltta) = |ta —7a) » Uylrg) = |t — 79)

A ~

[ﬁ:a’ U%} = —Ya La U% ) [i’@ f]%} = e L¢ fj%

L, =Ly =87l

Singularity resolution in the quantum theory

— —3

Spectrum of the volume operator : Vi, = V(xo)|xa|

Vinlttas ko) = V (x0)|1al® 1ta; po)

SPECTRUM OF THE INVERSE VOLUME OPERATOR

_— -\ 3 3/2
lttantte) ~ (ot ) ano) = (2o | (lalt = ltta = 21F)” [t 2o
Vv luanu(b |wa| /’Laau(ﬁ - 7Tl1? Ha Ha ,LLa,LL¢

this spectrum s bounded from below

[ Quantum theory outside the matter ]

Outside the matter we have the Kantowski-Sachs space time
and the quantization was developed in the context

Schwarzschild singularity




[ Hamailtonian constraint inside the matter

H:. — 14 H
wm ( 8 |zl + V1/3(X0) > + 3 s(a)

The solution of the Hamiltonian constraint is in the dual space

of elements (| = Y (jta, o) (Las fig)]-
Ha>He

The equation for the coefficients v (i, 1ty) 5 :

[ a(ﬂa)w(,ua? Md)) + ﬁ(ﬂa + 'Ya)dj(ﬂa + Ya, ,u<z>) + ﬁ(ﬂa - %W(ua — Ya, Nqb) = - 167;GN ﬂ¢(a)w<ﬂav M¢)]

V8mlp 1 1\ 2 VvV 8rlp 1 1\ 2
—74<|Ma—7a|2 —|Ma|2> — 2V 87 lp|ual 5(Ma):7<|/ﬁa—7a|2—|/ﬁa|2>

a(ta) =
¢ Ve 2+4

[ Boundary condition and time arrow ]

The operators area of S* inside and outside the matter are :
Ay = 47r\;::|23in(xg) , A = 47T\:1;b\2
Spectrum of the two operators :
Ainlttas 15) = 471al 5i0® (x0) ltas o) = 47l11al? sin® (x0) ltas o)
Autltias o) = 47laal |1 o) = 47| |ty 20)

At this point we identify the inside and outside spectrum :

|1al® 8in° (x0) = |1p]?

If in the region outside the matter we assume that vy ts the evolution
parameter for our wave function, than the boundary condition
(area matching) implies that the evolution parameter inside is y,
girven by pp = g Sinxg.

The boundary condition of the wave function on S* implies :
i1 (a6= 0) = vour (5.8 = ) = vin (i 6 = 0) = Vour(asin(xo) o

sin(xo)
this is the isotropy condition on the boundary.




Loop quantum black hole

Invariant 1-form connection Ay :
A=A (t)Tedr+ (Ag(t) 71 + Ap(t)72) dO+(A(t) T2 — Ap(t)71)sind d¢ + 75 cosf d¢

Invariant densitized triad :
0

r g2 0
E[1] =FE (t) T3 Slnea + (El(t)7'1 +E2(t) ’7'2) sin 0 %—{— (El(t) To — EQ(t)Tl)8¢

Gauss constraint and Hamiltonian constrains :

G~ A,E? — A,E!

_ sgn|det(E(;)] , p ) AV e (A i v
E_\/|E7~H(E1)2+(E2)2] 2A.F (A1E + AsFE )+<( 1) +( 2) 1)[(E) +(E )}

For the Kantowski-Sachs space-time we fix the gauge

E?=FE! and so A, = A,

The Hamziltonian constraint becomes :

sgn(E) {QAEAIEI+(2<A1)2_1)<E1)2]

Hp = 2
VIEE]
Volume of the spatial section: V = /d’r‘ d¢ df/q = 47V2R\/|E| E'|
Background triad and co-triad :

°ef = diag(1,1,sin"! ) °wl = diag(1, 1,sin0)

Holonomzies

h; = exp[Apuglp 73] he = expA g (T2 +71)] hs = exp[A;po (T2 — 71)]

Hamziltonian constraint in terms of holonomies :

81 14 _
Hg = ——5 Z e Tr [hrhshy IhJIh[IJ] hy' { b, v}
Po 7k

to = lp/Lphys

Wiy = exp(—pg Cry7s) , Cry = 021035 — 03,025

J

.



[ Classical phase space : ]

Canonical pairs : (A, E) and (A;,E")

Symplectic structure : {A,E} = il , {A,E") = o
lp 4lP
[ Quantm theory ]
Hilbert space : Hy @ Hg: ~ L*(R%,;,)
Basis in the Hilbert space :
g lp A g1 Ag

|kE, pE1) = |pE) ® |upr) — (Alpg) ® (Ar|lpp) =€ 7 ®e V2

<:UJE7 HE1 ‘VEa VE1> = 5NE7VE 5NE1’VE1

Representation of the momentum operators :

E — —’l,lp

[N
dA 4 dA,

o pE U - pgt lp
Elug, ppt) = =5 lp, ppr) o Bllpp, ppi) = \/—|ME ,E1)

[ Inverse volume operator ]

IS
LTI

sgn(E) 5121 o Z JIK . [Tiﬁ1—1[i” e
= i )

AL R . ~
= | Tr|mh; kg, V]| Tr|t*hg! [hg, V
vV o 3l
IJK

@

[ Spectrum of/f; and 1//\17 ]

. 43
V‘ME;ME1> = \/EP V |ME\ |ME1||ME7ME1>

—_—

sgn(E)
——|uE, LE =gl g2
vV = \/_lp Rzl

1 1 1 1\ 2
(Ins + 0l = lum — pol?) (I + pol* = lws — pol#)” lism, i)




[ Plot of the 1/v/ V operator spectrum]

10

1 and |1 are considered continuous variables

|

[ Hamiltonian constraint ]

The solutions of the Hamiltonian constraint are in C*
dual of the dense subspace C of the kinematical space Hyy;,.

A generic element of this space is: (V| = Z V(pg, ppt){uE, pEt|-
HEME1

( \

The constraint equation H e|Y) = 0 gives a relation for

the coefficients Y(ug,vg:) :
—a(pg — 210, pet — 2100) Y(1E — 210, kBT — 210)
+a(pr + 2o, ppr — 2po) Y(pE + 2o, pEr — 2H0)
+a(pe — 2po, ppt + 2po) V(e — 2o, ket + 2io)
—a(ug + 20, fips + 2400) (g + 240, fipr + 2410)

+(Sin(“§/2) ; COS(”§/2)> (ﬁ(uE,uEz — 410) V(pE, gt — 4 110)

—B(pe, pet) Y(pE, pet) + B(1E, bt + 410) Y(1E, pET + 4#0))
—Sin(ug/Q)(ﬁ(MEauEl — 2p0) Y(pE, pEt — 2p0)
+B(pE, pet + 210) Y(pE, ppt + 2#0)) =0

1
o(pug, hpt) = |pel? (upt + po| — |pg: — pol)

1 1
Blem, 1ps) = gt | (11 + ol® = i — pol?)




i l .

CONCL USIONS

L LBRUN STV
The classical black hole singularity near r = b(t) ~ 0

disappears from the quantum theory.

Classical divergent quantities are bounded

in the quantum theory.

e Curvature tnvaritant :

'“'0

Vi e 48M* G} — 48M2G
& R,uzxpa R# W= Wb']v RMVPU R+ pa|¢> T |¢> 4
2 1s bounded for the Kantowski-Sachs model. >
i ENAPN Vel AT W g

The quantum Hamailtonian constraint gives a discrete

difference equation for the coefficients of the physical

states and we can evolve across the classical singular point.

. INSIDE ... ACROSS ... AND BEYOND ...




